JOURNAL OF COLLOID AND INTERFACE SCIENCE 164, 405-418 (1993)

Coagulation of Particles in Shear Flow: Applications to Biological Cells
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A simplified model is developed which makes it possible to
describe the shear-induced coagulation of particles with different
types of attractive interactions. In this model the trajectories of
particles are calculated without taking into account any non-
hydrodynamic interactions, while the hydrodynamic interaction
is described in terms of the lubrication theory. Coagulation is
assumed to occur if the hydrodynamic stretching force exerted
on the doublet of particles is smaller than the attractive force
binding the particles together, If the nonhydrodynamic inter-
action is reduced to the Van der Waals forces of molecular at-
traction, calculations of capture efficiency in terms of our sim-
plified analysis are shown to be in good agreement with those
carried out by other authors on the basis of analysis of numer-
ically calculated trajectories. Further applications of our model
deal with the coagutation of some biological cells, namely blood
platelets, which are responsible for thrombous formation. In the
first approximation activated plateicts can be described as
spherical elastic particles interacting via the superposition of
Van der Waals attraction and biochemically specific interactions,
which are attributed to receptor—coreceptor bonds between cells.
The specific interactions are considered to result from the in-
terplay of two subsystems, chemical and mechanical ones. The
analysis of the kinetics of formation of intercellular bonds is
carried out, yielding a simple analytic representation for the force
of biospecific interaction. The biospecific interaction is shown
to affect the capture efficiency, ¢, at intermediate range of shear
rate G, so that a plateau appears in the curve «(G), while beyond
this range coagulation is governed by Van der Waals attraction
and e is a decreasing function of . This type of dependence is
in qualitative agreement with that observed for blood platelet
aggregation. Quantitative agreement is achieved with reasonable
choice of parameters of interaction. Qur approach also makes
it possible to take into account the perturbation of particles’
trajectories and the corrections to the force of Van der Waals
and biospecific interactions due to elastic deformation of par-
ticles, which is shown to increase the capture efficiency at low
shear rates and decrease it at high shear rates. © 1993 Academic
Press, Inc.
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1. INTRODUCTION

The problem of coagulation in flowing dispersions is one
of the fundamental problems in physics, in colloid chemistry,
and especially in biology. The adhesion of biological cells to
other cells or to surfaces, including biomaterials, in a fluid
stream plays an important role in many biological processes.
For example, lymphocyte “homing” during the immune re-
sponse (1) and tumor metastasis (2) depend on selective
adhesion of endothelian cells to blood vessel walls. Biotech-
nology-related examples include microbial adhesion and
certain biological cell separation techniques, such as cell af-
finity chromatography (3) and endothelian cell seeding of
prosthetic vascular grafts (4). Cell-cell and cell-surface in-
teraction can be attributed to the action of colloid and bio-
chemically specific (through receptor-coreceptor bonds)
forces (5). The problem of coagulation is especially impor-
tant for the blood system, primarily as regards thrombus
formation (6, 7).

Many of these processes involve collision or very close
relative motion between two interacting particles or between
particle and substrate, such as the collagen base of a blood
vessel or the surface of a filter fibre. A detailed analysis of
this close-contact motion requires consideration of the dy-
namic shape and separation of the particle surfaces in the
vicinity of contact which, in turn, influence the interparticle
forces and the hydrodynamic interactions between the par-
ticles. On the other hand, the hydrodynamic forces acting
upon the nearly touching surfaces can cause the particles to
deform, especially in the case of nonrigid biological cells.
The solid elastic model is a satisfactory approximation for
small cells such as blood platelets. In the activated state they
acquire spherical form and possess sufficiently developed
cytoskeletal structures (8). Typical values of Young’s mod-
ulus for biological cells are 10°-10° Pa (9).

Thus, the model of elastic spherical particles interacting
via the superposition of colloidal and biospecific forces can
be used to represent the coagulation of some biclogical cells,
such as activated blood platelets.

The kinetic analysis of irreversible aggregation was carried
out by Smoluchowski (10} in terms of approximate theory

0021-9797/93 $5.00
Copyright © 1993 by Academic Press, Inc.
All rights of reproduction in any form reserved.



406

which implied that particles and aggregates are moving along
straight trajectories up to the moment of their contact. In
recent years understanding of the irreversible aggregation of
colloids has been enhanced by advances in fluid mechanics.
Analyses were mostly restricted to binary coagulation of
spherical particles in the shear flow. In this case the proba-
bility of a particle being captured by the given particle in
unit time is given by

J=%ea’Gn, [1]
where (7 is the shear rate, # is the number of particles per
unit volume, & is the particle radius, and e is the so called
capture efficiency (¢ = 1 for Smoluchowski’s approxima-
tion). Van de Ven and Mason (11) and Zeichner and
Schowalter ( 12) have independently carried out numerical
trajectory analyses for the study of colloid stability in flow
fields. Two-sphere hydrodynamics and the effect of Van der
Waals attraction and electrostatic repulsion were incorpo-
rated to predict both rapid coagulation kinetics and the con-
ditions necessary for stability of colloids. The following
equation for capture efficiency was obtained (11},

e = C%, C,=A/36mmGa’, [2]
where » is the medium viscosity, A is the Hamaker coefficient,
¢y = 1 and k& = 0.18 are the coeflicients found from the
numerical solutions in Ref. (11)or¢; = 1.8 and k& = 0.23
from Ref. (12). Equation [2] is valid for the system in which
the only relevant nonhydrodynamic force is Van der Waals
molecular attraction. Recently, an analytical method based
on lubrication theory was developed to calculate ¢ for such
systems (13).

Application of these theoretical concepts to the description
of the coagulation of biological cells requires special analyses
of the biospecific interactions of the cells, These interactions
involve receptor—coreceptor bonds which are formed be-
tween cells during the time of their contact. The numerical
simulations of initial stages of biological cells aggregation
were carried out by Verkhusha ef a/. (14). Possible secondary
doublet formation at very high shear rates due to biospecific
receptor—coreceptor interactions between cells was examined.
It has been shown that the capture ¢fficiency ¢ of the cells
interacting via the biospecific forces is characterized by a
weak dependence upoen shear rate G up to some critical value,
at which ¢ abruptly decreases; i.e., coagulation is to a certain
extent suppressed.

Another important specific feature of cells interaction in
shear flow concerns their possible deformation. The effect
of deformation on the coagulation of particles in shear flow
has not been considered up to now. For inertial head-on
collision of two elastically deformable spherical particles in
a viscous fluid some numerical results for the rebound pro-
cesses were obtained by Davis and co-workers {15, 16).
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In this paper an approximate analytical method incor-
porating fluid dynamics and elastic solid mechanics is de-
veloped for determination of capture efficiency for elastic
equal spheres in shear flow. In Section 2 coagulation of rigid
spherical particles is considered. Previous analyses are ex-
tended in Section 3 by taking into account biospecific re-
ceptor—coreceptor interaction of particles, which is relevant
to the biological cells (3, 14). Capture efficiency in this case
is also calculated. In Section 4 the effect of particle defor-
mation on the shear-induced coagulation will be taken into
account. It is shown that this effect can be significant for soft
particles, such as biological cells. At last, in Section 5 we
briefly describe our experimental data on the aggregation of
blood platelets in Couette flow and compare them with the
calculations in the framework of our approximate theory.

2. CAPTURE EFFICIENCY FOR RIGID PARTICLES
INTERACTING VIA MOLECULAR ATTRACTION

In this section, flow-induced coagulation of rigid particles
will be considered in frames of a simplified collision model
proposed in Ref. ( 13). We consider the collision of particles
interacting via Van der Waals attraction, which is the most
general and best studied case, so that we can compare our
calculations with the results of other research.

Let us first assume that the Van der Waals molecular at-
traction is the sole contributor to colloidal forces between
particles. Under conditions of no retardation and small sep-
aration gap (gap width # < a) the force of attraction 1s given
by

Aa A

Fygw(€) = — 1242 = —W,

(3]

where ¢ = h/a is the dimensionless gap width. According to
the model proposed in Ref. (13) the trajectories of particles
are calculated without taking into account any kind of in-
teraction except the hydrodynamic one, the later being con-
sidered in the framework of the lubrication theory (i.e., it is
supposed to be essential only at £ — (). Provided the tra-
jectories are calculated, we compare the force of attraction,
Fvgw, and the hydrodynamic force which stretches the
doublet, I, to formulate the capture criterion in the form
Fuaw + F, < 0. Here we briefly consider the basic ideas of
this approach and modify it so that it can be utilized in our
further analysis.

The velocity u of particle 2 in the coordinate system with
origin at the center of particle 1 is given by (16)

E-nr

u=Q—((A—}5‘)———(£'r2 +BE-r),

[4]

where r denotes the coordinates of particle 2, U=E-r + £
% ris the unperturbed liquid velocity at r — oo for the flow,
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which is characterized by the rate of strain tensor E and the
angular solid-like rotation £, and A and B are functions of
r. In the framework of the lubrication theory we have

A
= —_ = +__
A=1—af, B ,6(1 lnf;’)’

o =408, £ =041,

A=192. [5]

For the simple shear flow in cartesian coordinates we have

1 0 G 0O
U=(Gy.0.0) E=1{G 0 o],
0 0 0
¢
g~(0,o,—5). (61

Spherical coordinates are also used:

Xx=rcosh, y=rsinfcos¢, z=rsinfsin¢.

(7]
A sketch of two particles interacting in shear flow, showing
the definitions of variables and the coordinate system is given
in Fig. 1. As shown in Ref. (13), the following equation can
be used to calculate the dimensionless separation gap width
&, for the given trajectory,

2 1/A
a—(efmm(%) +eam) (cos o) /4,  [8]

where 8, = v /2 — 8 is the angle between r and (v, z)-plane,
K[&)=(In{(1/£)/In(1/£))™, A=(1-8)/a=0.15,
1s the £ value which corresponds to the beginning of essential
hydrodynamic interaction and is determined according to
the equation B()) = 0, i.e, & = e = 0.15, Wy = (3
+ 2)'"%, 3, and zg are the coordinates of particle 2 at r —
o, and

bun = (877200, T =L \E(AIn(E)). 9]
¥
\ T U, =Gy
¢
EIANE.

FIG. 1.

Schematic of the collision of particles in shear flow.
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Equation [ 8] can be solved numerically to determine £,{6,)
at different W, values. Here we need to know the limiting
value £,(#; — 0) to formulate the capture criterion. Accord-
ing to the lubrication model, the given pair of particles is
moving like a free doublet and the radial component of the
hydrodynamic stretching force is given by (17)
Falfo, ¢) = 2P(r = 2a)3a*G sin 205cos ¢, [10]

where P(r) is some function of the distance between centers
of spheres such that P(r = 2g) = Py = 3.1w. A capture
criterion can now be written in the form

Fyaw(&e) < Fyel 8c, ¢) = 2 PonaGsin 26.cos ¢, [11]
where £ and 8. are the values of & and 8, such that at 6y < 8,
or §, < £, Van der Waals attraction dominates hydrodynamic
stretching, Equation [11] is relevant for the closest section
of the trajectory, implying 8. < 1, Combining [8} and [11]
we write the capture criterion in the form

0.48C,

172
— . 12
sin 26.cos t.‘b) [12]

Elbo > b.) < &) = (

This criterion should be considered semiphenomenological,
because it includes the parameter 8, which is not calculated
in the framework of this approach. This parameter charac-
terizes the captured section of the trajectory (i.e., the section
of the trajectory along which the particles are moving as a
joined doublet). Estimation of 8. are given below on the
basis of comparison with the numerical calculations. Making
use of [8] and [12] we find an equation for the capture cross
section:

172
Wole)/2a = [ (cos?B.E () — E%in)] '

1
ETK[4A9))
[13]

The collision frequency is given by

/2 Wye'Ma
J = dnGa® f dq')’f drricos ¢'. [14]
0 [}

Here ¢' is the value of ¢ which characterizes the particles
relative position at infinite separation (r = o, 8o > — 7/
2). In frames of our approximate analysis ¢' is identified
with ¢. It can be easily shown that the corrections which
arise when the difference between ¢’ and ¢ is taken into
account are small. If B/ = 2a (no hydrodynamic interaction )
we would obtain the Smoluchovski formula [1] with € = 1.
According to Eq. [14] capture efficiency for interacting par-
ticles is given by
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wf2
€= J(; (Wy/2a)3cos ¢pdp. [15]

Substituting [13] into [i5] and calculating numerically the
integral in [15] one finds the capture efficiency € as a func-
tion of shear rate G or dimensionless group C,. It should
be noted that in Ref. {13) an additional simplifying as-
sumption was utilized which implies that in Eq. [8] one
should put K[£,] = K[£min]. In this case an analytical es-
timate for the capture efficiency can be found as «(Cai)
= (0.7C%"". However, this equation overestimates ¢, so we
use a more precise approach here, which turns out to be in
good agreement with numerical calculations.

Comparison of the calculations according to our simplified
model and numerical results of Van de Ven and Mason (! 1)
and Zeichner and Schowalter (12) is presented in Fig. 2.
There is a certain discrepancy between (11) and { 12) at low
shear rate due to different integration procedures used in
these works. As pointed out above, our semiphenomeno-
logical theory includes one fitting parameter, 8., which should
be chosen to best fit the numerical data. The best agreement
with (11) was achieved at . = 0.1, while the best agreement
with (12) at ¢, < 0.15. To discuss the difference between
(11) and (12) is beyond the scope of the present work. In
frames of our simplified approach it is sufficient to set 4.
equal to some intermediate value, say 6. = 0.125, which
guarantees that the error of calculations does not exceed 20%.
This value is used below.

3. PARAMETERS OF SPECIFIC INTERACTION OF
BIOLOGICAL CELLS AND CAPTURE EFFICIENCY
CALCULATIONS IN SHEAR FLOW

In this section cell-cell adhesion in the shear flow 1s con-
sidered to result from the interplay of two subsystems, the
chemical and mechanical ones. Receptors (R ) and their spe-
cific coreceptors (1) located on the surface of the cells com-
prise the chemical subsystem, On cell collision, R and L,
located on different cells, form a specific complex RI. that
binds the cells together. (See Fig. 3.) Interaction between R
and L located on the same cell is considered impossible. The
mechanical subsystem is represented by the shear flow which
brings the cells together 1o the distance at which the formation
of intercellular honds is possible. If the number of bonds
formed during the interaction time is insufficient the flow
carries the cells away from each other.

The biospecific component of the force arises from the
formation of intercellular adhesive bonds RL. This process
can be subdivided into two stages (18, 19). The first stage
involves the approach of the reacting pair to a position (the
formation of the so-called encounter complex, R« « +L) in
which the distance between molecules and their orientation
allows the second stage (the chemical reaction itself) to pro-
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FIG. 2. Capture efficiency is plotted against C, for rigid particles inter-
acting via molecular attraction. Curves 1-3 are calculated numerically ac-
cording to Eqs. [12], [13], and [15], with 8. = 0.10 (1), 0.125 (2), 0.15
(3). Dashed curve corresponds to the analysis of Ref. (11) based on the
numerical calculations of trajectories; dotted curve to Ref. (12),

ceed {20-23). Exact analysis of the receptor and coreceptor
diffusion should be carried out, taking into account both the
orientation and translation movement of the mass centers
of reacting molecules. To simplify the analyses let us first of
all point out that the orientational process is more rapid
than the translational one (22), so that the first stage can be
described in terms of translational diffusion alone.

The lateral diffusion coefficients, D, of various protein
molecules in cell membranes, including receptors, have been
measured by the fluorescence photobleaching recovery tech-
nique (24, 25). They range between the limits 107"°-10
m?/s. It is interesting to compare these values with those
calculated according to the Einstein equation, D = kT /u,
where the friction coeflicient can be written as u = 67 Cyye,
¢ 1s effective radius of the receptor, and Cris the coefficient
which is introduced to take into account the high friction
force imposed on the receptor moving in the membrane (C'y
= 1 for the Stokesean friction). Assuming ¢ ~ 10 nm, g
~ 1 mPa- s, one can see that the measured values of D cor-
respond to Cy ~ 20-2 X 104; i.e., the true friction is higher
than the Stokesean friction. To understand this phenomena
ane can utilize the model (26-28), according to which the
protein molecule is represented by a cylindrical disc of radius
¢ moving in the cell membrane which is represented by a
two-dimensional layer of continuous fluid of viscosity ny,.
The thickness of the disc is equal to the thickness of the
membrane, [, while the viscosity of the membrane, 1, is
several orders of magnitude larger than the viscosity of in-
tercellular fluid. Calculations carried out in Refs, (26, 27)
yielded an estimate of D2 valid at nn/m/(nc) & 1. In this case
Crcan be estimated as
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FIG. 3. Schematic of the contact zone of two cells connected by receptor—
corceeptor bonds.

{
}n[nmlm/(ﬂC)] —0.5772 )

Cpm 20m [16]
I

Typically 7, ~ 10%99, ln ~ ¢, so that C¢ = 20, which cor-
responds to the lower bound of the interval quoted above.
Higher values of C; are usually attributed to the effects of
cytoskeleton or other objects inside the cell, which the
protein can be attached to, or phase transitions in the mem-
brane (28).
The two-stage interaction of receptors and coreceptors is
described by the kinetic scheme
ki k3
Ri>+ Ly, :<—2’ Riz: - Lz, ﬁ Rislay,

[17]

where &, and &, are diffusion rate constants for the formation
and breakup of R+ - - L, respectively, and k3 and &, are in-
trinsic rate constants depending on the energy and the
mechanism of RL formation and breakup. Subscripts 1 and
2 denote two distinct cells.

Let us obtain estimates for &, and &,. Assume for simplicity
that the cell membranes in the region of contact (that is, in
the region where the surface molecules of one cell are ac-
cessible for the reacting molecules of the other) are locally
planar. The process of formation and breakup of encounter
complexes, R - + - L, can be described as the two-dimensional
aggregation of receptors and coreceptors located on the op-
posite surfaces of interacting cells. Relative movement of
receptors and coreceptors is a superposition of the local rel-
ative movement of the surfaces of the cells in the vicinity of
their contact, Vi..(f, ¢), and the Brownian movement of
receptors and coreceptors, which is characterized by diffusion
coefficients D, and D, respectively. Below we assume for
simplicity that the diffusion coeflicients, D, and D, and ef-
fective radii, ¢, and ¢, of receptors and coreceptors are equal;
D, =Dy =D, ¢ = ¢ = c. The number of encounter complexes
formed per unit time per unit surface due to the aggregation
between receptors and coreceptors can be estimated as

K[R]J[L] = (kD + 2¢ Vi) [R][L], [18]

where [R] and [ L] are the surface concentrations of receptors
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and coreceptors on the two respective cells, and &,y is a nu-
merical coefficient.

The rate constant for R+ + + L. breakup is the reciprocal of
the mean time of R and L relative shift to a distance equal
to the sum of characteristic dimensions of the targets, cg
+ ¢, = 2¢. Making use of the estimate of this time obtained
for the case of two-dimensional diffusion (22, 23, 29) and
adding the contribution due to the relative movement of the
surfaces one finds the expression for the number of broken
R« L complexes per unit time per unit surface

D Ve
P = — + —
kR L] (kzb - e

){R- --L1,  [(19]
where ko, 15 2 numerical coefficient.

The estimations of k, and ks, require more accurate anal-
ysis of two-dimensional Brownian movement of protein
molecules and their aggregation—disaggregation process. As
shown in Refs. (22, 29), k3, ~ | is a constant, while &, < 1
is a logarithmic function of ¢ and surface concentrations of
proteins. Below we see that for the typical range of shear
rates in which biospecific interactions are relevant to the
coagulation of cells, one can assume Vy,. » ¢D, so that in
Egs. [18, 19] second terms in the brackets dominates. Hence
k, and kL are constant.

Now let us consider the intrinsic rate constants k; and k.
Let /; denote the width of the gap between the membranes
at the steady configuration of the membrane-RL-membrane
complex. Any gap width / (e.g., [ > [;) can be associated
with an excess energy of the complex, (/). In the liner-
elastic approximation {30-32} ¢(/) is given by

(1) = ¢(ly) + 181 — b)*. [20]
In the general case, the stiffness coeflicient, 4, is determined
by the stiffness of the most flexible link of the complex. In
the model of rigid cells under consideration this can be either
the bonding regions in the active sites or fragments of R and
I. devoid of secondary structure. The upper bound of 4 is
apparently the stiffness of alpha-helical protein segments, &
= | N/m (33). The elastic force f, exerted on the cell doubiet
by a single intercellular bond is given by

ol _

fo= =g

—&(! — ). [21]

The influence of the intermembrane distance on the chemical
reaction between R and L is obvious from Eq. [20]. We
suppose the bond to be broken if the elastic energy per bond
exceeds some activation energy of the bond U,, i.e.,

ks = ksg, ka = kap,
k3:0, l/k4=0,

at |1 — kLl < (2U /862, {22.1]

at |1 — bl > (2U./8)"%. [22.2]
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Below for simplicity the index “0” in k3p and k4 1s omitted.
For U/, we take a typical value U, ~ 10kT. It should be
noted that Eqs. [22] give the simplest representation for the
dependences of k3 and k4 upon the elongation of the bond,
{ — l,. There are more accurate approaches based on the
conditions of detailed balance which yield exponential de-
pendences of kx and &, upon / — J; (14). However, it is easy
to show that the resultant equation for the force of biospecific
interaction is very similar in both cases; i.e., the precise form
of the dependence of k3 and k4 upon [ — /; is not very im-
portant in the first approximation. Let us now discuss pos-
sible estimates for k5 and k, available from the literature.
Pecht and Lancet (35) give values 10°-10° s™! and 1073~
10% s, respectively, for various hapten-antibody interac-
tions. Bell (18) reports the values of &z ~ 10* s~ for the
binding of concanavalin A with the erythrocytic membrane
and k, ~ 10% 57! for a typical antigen-antibody reaction.
Studies on the adhesive interactions of cytotoxic T-cell clone
F1 with its target cell clone JY as well as of the T-cells with
each other yield ks /%, estimates of 1 and 1072, respectively
(36). Abbott and Nelsestuen used a value of kq/ky ~ 1077
when modeling ligand binding to membrane-bound recep-
tors on small cells (37). Wiley, in his model of membrane
protein turnover, used values of 107 to 1072 s7! for &, in
the case of a typical receptor {38). Despite a considerable
spread of these data it seems reasonable to assume in most
cases that k; > k4 and k3 = 10 s™!, This is sufficient for our
further analysis.

The force of biospecific interaction of two spherical cells
can be related to the force of interaction per unit area of
plane membranes, I1( /), separated by the gap H, according
to the well known Derjaguin approach (39):

F,=ma fm IL(H)dH. [23]
i

Equation [23] is valid if the interaction occurs at gap widths
much smaller than a, i.e., [y € a. Our next purpose is to
calculate IL,( /). According to Eqs. [22] receptor—coreceptor
bonds are assumed to exist in the region which is defined by
the condition |H/a — &| < A = (2U/,/(8a*))"/? so that we
can write

H
I,(H) = *[RL]aﬁ(E - EO)Q(A - ‘— —&
a a

o

where Q(x) is a step function defined so that Q(x) =1 ifx
> 0 and @(x) = 0 if x > 0. Thus, according to our model,
two surfaces interact only if the distance between them belong
to the final interval defined by Eq. [24]. Hence, the contri-
bution into the integral [23] is given only by some active
zone, i.e., a part of the surface which exists only if &, + A
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< £ and has a form of a ring (if £ < & — A) or a circle (if
ot A>E> ¢ A).

As distinet from most forces traditionally considered in
colloid chemistry, the force of interaction Il is nonsta-
tionary. To demonstrate this let us consider the interaction
of two surfaces which were put together in the moment ¢ = 0
and stayed in contact, being separated by the gap H, such
that |H/a — & < A. The concentration of adhesive bonds,
[RL], can be found by solving the system of kinetic equations

AR kiR
— (ks + k)R- - - L] + k[RL], [25.1]
a[};]“] = k[R- - -L] — ki RL], [25.2]

with the initial conditions
[RI(t=0)= [Rly, [Re+-LI(t=0)=0, [26.1]
[L](t =0} =[L]y, [RL](z=0)=0. [26.2]

Conservation laws for R and L on both cells’ surfaces are
satisfied:

IRlp=[R]+[R---L}/2+[RL]/2, [27.1]

[Llo=[L]+[R---L]/2 +[RL]/2. [27.2]
The solution of Eqgs. [25] can easily be found if we assume
that &, <€ k3. By making use of [19] and taking into account
that Vige ~ aG, k3= 10857 ¢ ~ 10 nm, a ~ | gm, we
find that this assumption holds true for D < 107'° m?/s, G
< 10* s7'. Both of these inequalities are usually satisfied.
Now we write down the solution of Egs. [25]-[27] in two
cases. For [R]y = [L]s we find

k
[RL] = 2[R}o =7 (1 = exp[—(ks + ko)
ks xpf ~ Bt ks
-2 %, exp( IRl (ks + k4)t)
K3+ kq N Rkt ke
X {E:( IRl + (k3 + L;)t) El(—fﬁ[R]o )] . [28]

where Ei(x) = [*_exp(x')dx'/x". For [L]y <[R], we have

ks n kzexp(—k[R]ot)
ky+ ks Kki[RJo — (ks + ko)

[RL] - 2[L10(

kiks[R]oexpl— (ks + k4)1)

— . [29
(ks + ka)(ki[R1p — k3 — k4)) (291
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The experimental data considered in Section 5 correspond
to the later case. From Eq. [29] one can see that the stationary
solution in this case is given by

_ ks
[RL](I—’00)=2[L]ok3+k4~2[14]n [30]
and is valid at
t > max{1/(k[R]o), 1/(ks + ka}}. (313

In shear flow the time of a contact ¢ can be estimated as ¢
~ 1/G. Those cases, in which stationary selution [30] can
be applied, permit a simple calculation of the force Fop..
This holds true for the systems considered below. Substituting
[30] into [24] and [24] into [23] we find

N2
Fy= —QM[L]an(l - gng”)—)Q(A —lE- D). [32]

Thus, in this case the force of biospecific interaction of
spherical surfaces is purely attractive and nonzero only if
the distance between surfaces is close enough to the critical
value Eo.

Assuming the force of biospecific interaction to be given
by the stationary limit [ 32] we can now formulate the capture
criterion by generalizing [11] as

_dew(gc)_Fs(gc)‘(Fstr(Bc; ¢) [33]
Making use of the criterion [33] we find an equation which
determines £ as a function of ¢ (analogue of the criterion

(121,

0.48C,
E(o)

+ CpQ(A — 18 — E&(¢)1) = sin 26ccos ¢, [34]

where Cg = F.(£(9))/(2 Pynoa”G). If there is no biospecific
component of interaction, i.e., Cg = 0, Eq. [34] is equivalent
to criterion [12]. i Cg > 0, Eq. [ 34] can be solved numer-
ically. Substituting £.(¢) into Eq. [13], one finds W,(¢).
After that the capture efficiency is calculated according to
Eq. [15].

Here it is important to point out that Eq. [ 34] implies
that the trajectories of particles are identical to those of non-
touching spheres. However, the ligand-receptor bonds be-
tween surfaces can prevent the particles from free rotation
so that the doublet should be rather represented by a rigidly
connected dumbbell, i.¢,, secondary doublets can turn into
primary ones, according to the terminology of Van de Ven
and Mason (40). This transition does not occur if the friction
coefficient of the protein molecule, u, or the dimensionless
coeflicient, Cy, is low enough. It is useful to write down the
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condition which guarantees that such transition does not
occur so that the doublet can be described as secondary dur-
ing its rotation. To do this we compare the external hydro-
dynamic torque applied to the sphere by the flow, Ty
~ pGa®, and the torque resisting its rotation, which arises
due to bonds between the surfaces, Thong ~ 4 ¥10c@[ L]oAcon,
where A.,, is the area of the active zone on the surface of
the particle. According to [24] the active zone is determined
by the inequality A > |H/a — &, where H in the vicinity
of contact is approximated by a paraboloid, H/a = £ + (r/
a)?, so that at £ = £ we have Ay, ~ Aa’. Now the in-
equality Thya » Trona takes the form

1 & Ce[Llola/6. 135]

Results of the calculations of the capture efficiency are
plotted in Figs. 4-8. In Figs. 5-8 calculated curves are com-
pared with the experimental data discussed in Section 5. One
can see that the biospecific interaction affects the coagulation
at intermediate shear rates increasing the capture efficiency,
so that a “plateau’ appears in the curve «( 7). The existence
of the plateau at intermediate shear rate is confirmed by
experimental measurements of the coagulation rate of the
platelets. The range of shear rate at which the plateau appears
turns out to be the most important for the dynamics of
thrombous formation.

Let us check the applicability of the assumptions [31] and
[35] in the range of shear rate which correspond to the in-
termediate shear rate plateau of the curve, G ~ 10°-10°s7",
Typical parameters of the system are ¢ = 1 pm, ¢ = 10 nm,
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FIG. 4, Caplure efficiency for ngid particles is ploited vs shear rate.
Dashed curve corresponds to particles interacting via molecular attraction;
dotted curve corresponds to particles with biospecific interactions; solid curve
corresponds to particles interacting via superposition of molecular attraction
and biospecific interaction. The vatues of parameters are typical for small
biological cells (5, 17.29. 33): a =1 pm, 4 = 1072' J, 5o = | mPa-s,
¢ [Llo =002, ¢c=10""m, 5 = 1072 N/m, & = 0.03.
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U,=10KkT, § = 0.0l N/m, [R}y » [L]g ~ 0.01/¢?, ke <
ks = 10%s™!. In this case the right-hand side of [ 31] can be
written as 1/(Gac[R]e), so that the stationary solution 1s
applicable if [R ], » 0.01/¢?. Calculating the right-hand side
of [ 35] we find that C; < 10°. One can see that our approach
is valid if the surface concentration of receptors is not very
low and the friction coefficient is not very high.

4. EFFECT OF PARTICLE DEFORMATION
ON THE COAGULATION

In this section we calculate the capture efficiency of par-
ticles, taking into account their deformation due to the hy-
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drodynamic pressure in the gap between their surfaces. Qur
consideration is carried out in the framework of the same
lubrication theory approach, as was used above for calcu-
lating the capture efficiency of rigid particles. Our objective
now is to calculate the perturbation of the shape of the par-
ticle surfaces, assuming this perturbation to be small. After
that we calculate the perturbation in the capture efficiency
arising from the deformation. In our calculations we consider
the cell to be a solid elastic particle. This is a satisfactory
approximation for small cells, for instance blood platelets
with spreading buik cytoskeletal structures (8).

The area of contact of two elastic spheres is shown in Fig.
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FIG. 6. Capture efficiency for particles interacting via superposition of
molecular attraction and biospecific interaction is plotted vs shear rate at &
= 0.01 {1}, 0.03(2), 0.05 (3). Other parameters are the same as in Fig. 4.

FIG. 8. Capture efficiency for particles interacting via superposition of
molecular attraction and biospecific interaction is plotted vs shear rate at 3
(N/m)=0.001(1},0.01 (2),0.02(3), 0.03 (4). Other parameters arc the
same as in Fig. 4,
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FIG. 9. Schematic of the contact zone of two deformable particles.
Dashed line, undeformed surfaces: solid line, deformed surfaces.

9. In the framework of the lubrication theory approach the
undeformed spherical surfaces are approximated by para-
boloids in the region of near contact,

Hir,t)=h)+r/a, [36]
while the perturbed gap profile is given by
H(r,t)=H(r, ) + u(r, 1), [37]

where #1{r) is the distance between the unperturbed surfaces
and u(r, 1) = 11y + 1 is the sum of the dynamic deformations
of the two surfaces from their original shape due to hydro-
dynamic pressure. Here and everywhere below the tilde ™ is
used to denote the perturbed values. In order to determine
the deformation # we follow the development of the Hertz
contact theory of linear elasticity (see, e.g., (41)) and also
that of Davis and co-workers (15, 16}, who have studied the
deformation of particles colliding head-on in liquid.

The analysis of particle capture is carried out in the frame-
work of the simplified model formulated in Section 2, gen-
eralizing it to the case of deformable particles; i.e. we calculate
the trajectories of particles (including their perturbation due
to deformation), neglecting all types of interaction except
near-contact (lubrication) hvdrodynamics, and assume co-
agulation to occur when the attractive force on the particles
{which also includes a correction due to deformation) ex-
ceeds the hydrodynamic force. According to this approach,
we start from the elastohydrodynamic problem of calculating
the deformation of particles and corresponding corrections
to their trajectories.

The deformation of particles arising due to hydrodynamic
pressure in the gap between their surfaces, uy,, is given by

1—;;le 2Vr'r
wl . r+r

o i) dr

u, = 8
4o ’

(38]
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where

/2 d¢
Kk :f —_— 39
(&) o V1 — klsin?¢ 1391

is the complete elastic integral of the first kind and p(r’, {)
is the pressure profile in the fluid layer. It is easy to show
that Eq. [39] can be rewritten in the form

— 2

aVE3 2 fi(r/Vah),

[40}

Iy = —

where the following easily tabulated dimensionless function
is introduced:

12

X ’df
AH =2 A

(&4 D0+ )2

[41]

[

To calculate fi(#, 1) one should solve the equation

~. Of
H? =
! ar)

oH 1 a( (42]

o 1297 or
together with the boundary conditions

flr—=a)=0, ap(0,1)/dr=0. [43]
To complete the formulation of the basic model, one also
needs thc kinematic equation, which describes the relative
motion of the undeformed surfaces of the solid spheres,

dh

== 4
e [44)

where V' is the relative velocity of the center of masses of the
two spheres,

Eqgs. [38]. [42], and [44] constitute a self-consistent set
of equations which can be solved numerically, as it was done,
e.z., in Refs, (15, 16) for inertial motion, However, here we
consider an approximate method of solution which is rele-
vant in the limit u, = 0 or £ — o (i.e., one should require
the condition 14, <€ k& 10 be obeyed in addition to a usual
condition of small deformation w, <€ a). In this case, the
unperturbed solution of Eq. [43 ] can be used, which is given
by

3 Va
pry==3n

KT {45]

The relative velocity of particles according to the lubrication
model is given by

V={(1— A)Gasin 2fycos ¢ = afGa sin 204cos ¢ [46]
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Equations [40], [41], and [46] determine the dynamic de-
formation of particles. The maximum value of deformation
corresponds to the point near contact r = ( (see Fig. 9). The
dimensionless maximum dynamic deformation, #ymax, 1S
defined according to the formula

E
Uhmax = uh(r = O) (T;W : [47]
According to Egs. [45]-[47] we find that
3 —1/2
Unmax = — 3 amf ' sin 268,008 ¢, (48]

where £ is found from the solution of Eq. [8] provided W,
is given. In Fig. 10 ., 1s plotted vs 8, at ¢ = 0. One can
see that 1y, 18 increased as W, is decreased.

As pointed out above, our approach is valid for small de-
formations, i.e., u, <€ #. Making use of Eqs. [47] and [48]
we can write this criterion in the following form:

{1 —uz)%Ef”Z« L. [49]

Since in our calculations of capture efliciency only critical
trajectories are relevant, i.e., & — £.(¢), we substitute into
Eq. [49] E{¢) instead of £, so that the criterion of appii-
cability of our approach now takes the form

(- 5> <. [50]

In the framework of the lubrication theory the force of the
hydrodynamic resistance to the relative movement of two
undeformable spherical particles is written as
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FIG. 10. Maximum dimensionless dynamic deformation upp,, is plotted
vs. By for Wyf2a — 0 (1), Wo/2a — 0.1(2), Wy/2a — 0.2 (3).
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F(f) =2 J(; Jp(r)rdr = waL p(H)YdH

3
=3 analt™!,

[51]
where we utilized Eq. [36] to change the variable in the
integral from r to H. For deformed particles in the limit
# — ( the perturbation of the force due to deformation can
be calculated as follows;

Fh = Fh + AF},,
AF, = aJ:w d‘z(]f) un(Va(H — h)dH.  [52]
Making use of [40] and [45] we find that
('ﬁ'V)z(l - Vz) ~7/2
AFy(E) = *C—*—E—S ”, [53]
where
C=3n me “§3_I)d§= 16.2. [54]
1

Equation [53] can be used to calculate the corrections to
the trajectories of particles due to the deformation. In the
framework of the lubrication model used here it is suficient
to determine the correctionsto Aora = (1 — A)}/£ To do
50 we follow Batchelor and Green {17} and consider particles
1 and 2 with centers on the axis z in the elongation flow
defined by the rate of strain tensor E with three nonzero
components: E, = E,, = —G/2, E.. = (', and £ = 0. In this
case the equation of force balance, Fy, + F,, + AF, =0, and
the relative velocity of particles, V, takes the form

8 Pona’G — 3na’naG + AF, =0, V= 2aaG/E [55]
If the particles are rigid, 1.e., AF, = 0, Eq. [55] gives the
known estimate o = 8 Py/ 3w = 4.08 (see Eq. [5]). Now we
make use of Eq. [35] to find a correction to « as

- AF, B P AFY,
—afl+—F)=a[1 + ——7—].

“ “( 37m£"azG) “( 9«2ng~'av) [56]

Although Eq. [56] was derived for elongation flow, it can

be applied as well to any other type of flow provided V' is

properly defined. For shear flow, I is given by Eq. [46].

Making use of Egs. [54]-[56], we finally find that

(1—»%)

&=a(l — 0.86C ”V[Ec(cﬁ)]‘s”), [57]
akF
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where we substituted £ = £.(¢), as corresponds to our cap-
ture criterion. Corrections to A are calculated in accordance
with [57]:

A=(1—-B8)&

= A(l + O.SGCQ”;ﬂ

EAC N 5’2) - [38]

Now let us consider the effect of deformation on the non-
hydrodynamic component of interaction. For undeformed
spherical particles the force of interaction, F, is related to
the force of interaction per unit area of flat plates, II, ac-
cording to the Derjaguin formula (39), which is analogous
to Eq. [51],

o

F(h) = vraJ; N(HYdH, [59]

!

while for deformed particles in the limit 1t — 0 we have

F=F+ AF, [60]
where the correction to the force is given by
@ dI(H
AF=1raf d;! )u(‘)a(Huh))dH [61]
h

and the deformation in the general case is written as w(r)
= up{r) + tivgw(r) + (7). where ivaw(r)and u(r) are the
contribution into the deformation due to Van der Waals
attraction and biospecific forces. Equations [59]-[61] should
be applied both to the forces of Van der Waals attraction
(F = Fygw, AF = AFyqw, II = Ilyaw) and to biospecific
forces (F — F,, AF — AF,, II — II,}. Recall that II, is
given by Eq. [24], while for ITysw we have the well known
equation {39)

Mygw(HY = — [62]

6 H?’

The hydrodynamic component of deformation is calculated
according to Eq. [ 38], while analogous equations for uygw
and u, are obtained by substituting [ygw and II; into [ 38]
instead of p.

Let us first consider the system without biospecific inter-
actions, in which particles’ capture can be attributed solely
to the Van der Waals attraction. We have

| —»?
E

Hygw — [63]

A
? f_s'fzﬁfdw(f/m),
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where

fvaw(f)*—f K(; I s”)

Now we make use of [40], [62], and [63] and substitute u
= 1y, + tyqw into [61]. We find that

rdy
(C+ O+

[64]

AFde 1 — V2 T[V -5 A —
Svaw _ ¥ (o, g2y o, S, (65
Fuaw E ( 'a £ *ad § (651

where €, and (; were calculated numericatly,

c,_af fh(v M=) oo

d¢ =10.56.

G- [ fw(v D (661

Making use of [ 66 ] we are now able to generalize the capture
cntenon [l2] for elastically deformable particles substituting
A, and C, instead of «, A, and C,, where

1 -

Ca- CA(l (@ o adew ).
[67]

In Fig. 11 the effect of deformation on capture efficiency is
demonstrated for particles with different Young moduli.
The capture efficiency for particles interacting via the su-
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FIG. 11. Capture efficiency for particles interacting via molecular at-
traction is plotted vs shear rate, Curve (1) is calculated for rigid particles.
Curves (2)-(4) are calculated for deformable particles at E (Pa) = 10%(2),
107 (3). and 10% (4). Other parametersarea = 1 gm, 4 = 1072 J, 5o = |
mPa-s.
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perposition of Van der Waals attraction and biospecific forces
can also be calculated in the framework of our model. To
do this we make use of an important simplification, which
is based on the decoupling of the contributions of Van der
Waals attraction and biospecific interactions. As shown in
Fig. 4, biospecific interactions are relevant for the capture
enly in some clearly defined range of shear rates, such that
in this interval the capture process is guided solely by bio-
specific interaction, while beyond this interval the process of
capture is guided solely by Van der Waals attraction. Hence,
it is sufficient to calculate the correction to the force of Van
der Waals attraction due only to w4, and uvgw {neglecting
1}, while the correction to the force of biospecific interaction
can be calculated by taking into account 1, and i, { not tygw ).
It should be also noted that since the biospecific interactions
contribute only in a narrow range of £ {see Eq. [32]), i.e.,
at £ — &, it is sufficient to calculate AF, and u, at £ = &.
We have

_ .2
e > &) = = - [LIoa®0kofitr/ Vak, ), [68]
a3d§-w
f(fw)—~f K(ru)(;w) [69]

where « = (A/%y)'"2. Equations analogous to [65]-[67]
now take the form

AF, | —»? SanV’ L1o6%a®
o ! - (Cs(w) ""a +c4(w)£¢a—“—), [70]
where
Ci(w) = 2_‘; In(§, @) {di — whe, w),
Cale) = ZJ; 50§, )i — wfilw, ), [71]
) - sanV L]eé%a’
CA=CA(I + E" (Cj(w) ‘z’a +C4(w)%“—)).

[72]

Numerical calculations have shown that the functions C3{w)
and Cs(w) can be well approximated as
Ci(w) = 0.79%,  Ci(w) = 0.36w>°, 173}
In Fig. 12 we plot the dependence of capture efhciency upon
shear rate at different Young moduli.
One can see that deformation increases capture efficiency
at low shear rates and reduces it at high shear rates, To un-
derstand these effects one should recall that there are two
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principal ways in which deformation affects the process of
coagulation, First, deformation increases the force of attrac-
tion which holds the doublet together due to the decrease of
the actual gap width between surfaces of particles at given
distances between their centers (Egs. [65] and [70]). Second,
it perturbs the trajectories of particles so that the distance
between the centers of particles in the stretched doublet is
mcreased (see Egs. [57], [58]). The first effect dominates
at low shear rates, increasing the capture efficiency, while
the second effect dominates at high shear rates, decreas-
ing it.

Comparing Figs. 11 and 12 one can see that the effect of
deformation on the capture of particles interacting via Van
der Waals attraction alone is more significant than its effect
on biospecifically interacting particles. The capture of par-
ticles interacting via pure Van der Waals attraction is affected
by their deformation even if the Young modulus of particles
is rather high (at £ = 10% Pa-s the capture efficiency is
affected by deformation at & higher than some critical value
G, ~ 200 s7'). As E decreases, G, also slowly decreases.
The capture efficiency of biospecifically interacting particles
in the range of shear rates 10-10% s ™! is not essentially affected
by deformation at £ = 107 Pa-s, while at lower E capture
efficiency in this range of shear rate roughly decreases.

5. COMPARISON WITH THE EXPERIMENTS

In this section some experimental results are discussed
which illustrate our theoretical analysis. In our experiments
we determined the capture efficiency of platelets in suspen-
sion subject to shear flow. The suspension was a platelet-
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rich blood plasma without erythrocytes. A detailed descrip-
tion of the procedure of our experiments will be given in
Ref. (42).

Platelet aggregation in suspension is a complex and mul-
tistage process. 1t involves three conventional stages:

{1) Addition of a chemical reagent (inductor), which ac-
tivates platelets, into the platelet rich plasma (PRP}). Intra-
cellular cytoskeletal structures undergo changes during the
activation which lead to a change in the cellular shape (par-
tially spherical shape). Protein receptors R (glycoprotein 1Tb/
I11a) located on platelet surface acquire the ability to bind
adhesive plasma protein fibrinogen.

(ii) Binding of fibrinogen molecules to a part of surface
receplors determined by the chemical equilibrium of the re-
ceptor-fibrinogen reaction. As a consequence adhesive re-
ceptor-fibrinogen complexes are formed (the analog used in
our mode! of coreceptor (L}. It is known that due to several
adhesive sites located on fibrinogen molecule, fibrinogen acts
as interplatelet bridges binding cells into aggregates.

(iii) Interaction of platelets, having free activated recep-
tors ( R) and adhesive receptor—fibrinogen complexes (L) on
their surface, in a shear flow; formation of doublets, triplets
and so on.

In our experiments donor blood was obtained from healthy
men {up to 35 years old) by ulna vein puncture and then
stabilized with a 3.8% solution of sodium citrate in a 9:1
ratio. PRP was obtained by blood centrifugation at 110 g
for 15 min at room temperature. Platelet concentration in
PRP was assayed by the microscopic method. All the ex-
periments were performed within 3-4 h after the blood had
been obtained.

The aggregation was studied in the standard viscosity
metric cell (the Couette flow). A He-Ne laser was used as
a probe, its radiation was directed between the cylinders of
the cell parallel to the rotation axis. The hight was recorded
with a photodiode detector. Adenosine diphosphate ( ADP)
at the concentration 20 pM was used as an inductor of ag-
gregation.

The experimental procedure was as follows. The PRP sus-
pension, sheared between two cylinders at G = 10?57} in
the cell, was supplemented with ADP in the corresponding
concentration. In 5-7 s the procedure was stopped. In 25-
30 s the procedure was resumed at the studied shear rate.
According to Ref. (43) during this period platelets have been
completely activated and their shape changed, whereas the
aggregation due to the Brownian diffusion and binding of
fibrinogen molecules { formation of coreceptors) for 30-40
s can be neglected (42, 44, 45). Thus, in our system one can
assume [ R ]y to be much greater than [L]p, as we did above.
After shear is resumed, the initial rate of increase of trans-
mitted light intensity, Dy, related to difference between light
intensities for platelet pure and rich plasma was recorded.
The parameter Dy is widely used in medicine. [t characterizes
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the intensity of formation of small aggregates, primarily cell
doublets. For shear rates G > 10 s™', at which the shear
platelet aggregation essentially predominates over the
Brownian aggregation {44}, Dy may be assumed to equal J/
2 (42, 46). With average radius of platelets taken to be equal
to 1 pm (see (43)), from Eq. [1] an experimental capture
efficiency is determined. The typical experimental data for
PRP are given in Figs. 5-8 and 12.

Let us now compare our experimental data with the theo-
retical calculations of the capture efficiency dependence upon
shear rate. [n Figs. 5-8 the results of these calculations are
plotted for particles interacting via superposition of Van der
Waals attraction and biospecific forces. This seems to be a
reasonable model for interaction of platelets in blood plasma
in shear flow. Electrostatic barriers due to high electrolyte
concentration in plasma are essentially suppressed. The best
correlation between theoretical and experimental data is ob-
tained at & = 0.03, & = 1072 N/m. These values are quite
reasonable for biological cells (9, 14, 34).

Comparing our experimental data with the results of cal-
culations of the capture efficiency of deformable particles
plotted in Fig. 12, we conclude that the Young modutus of
platelets £ should be high enough, E = 10° Pa. The agree-
ment with the experimental data achieved at E = 3+ 10%-
10® Pa seems to be somewhat better than that for rigid par-
ticles {the curve becomes smoother at the edge of the pla-
teau}. However, further experiments are necessary to make
a decisive conclusion concerning the effect of deformation
on coagulation,

6. CONCLUSION

In this paper an approximate method is developed for
determination of the capture efhiciency of particles in shear
flow. The method makes it possible to describe the coagu-
lation of particles with different types of attractive interaction.

In the first stage of our analyses we consider an idealized
systermn, in which the nonhydrodynamic interaction is re-
duced to Van der Waals attraction. For such a system cal-
culations of capture efficiency in terms of our simplified
analysis have been shown to be in good agreement with those
carried out by other authors on the basis of analysis of nu-
merically calculated trajectories. Qur approach also makes
it possible to take into account the corrections to capture
efhicicncy due to elastic deformation of particles.

In the second stage of our analyses consider applications
of our model to the coagulation of biological cells, such as
activated platelets (i.e., blood cells, which are responsible for
thrombous formation). In the first approximation we de-
scribed the cells as spherical elastic particles interacting via
the superposition of Van der Waals attraction and biochem-
ically specific forces, which are attributed to receptor—core-
ceptor bonds between cells” surfaces. For such a system we
found that the capture efliciency as a function of shear rate,
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e ), is essentially different from the one for idealized system
which had been considered on the first stage. Specific inter-
actions lead to increase in capture efficiency at intermediate
shear rate, so that & “plateau’ appears on the curve « ).
This type of the dependence is in agreement with the one
observed for blood platelets aggregation. Corrections due to
deformation lead to a certain decrease in ¢ at high shear rate
and its increase at low shear rate.

Further analysis of this problem should be carried out
taking into account a number of additional factors which
affect adhesive cell-cell interactions, ¢.g., the effect of steric
stabilization due to the long-chain polysaccharide molecules
(glycocalix ) on the surfaces of biological cells (5, 27 ). Further
development of our approach may also include some mod-
ifications of the mechanical model of the cell, e.g., by intro-
duction of viscoelastic membrane on its surface with bending
rigidity and surface tension. This approximation is relevant
to large cells such as lymphocytes and erythrocytes.
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